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1. Introduction and Preliminaries 

It is well known that in 1922, the Polish mathematician S. Banach Q proved a theorem which 
ensures, under appropriate conditions, the existence and uniqueness of a fixed point. This theorem 
provides a technique for solving a variety of applied problems in mathematical science and engineering. 
After that, many authors have extended, generalized and improved Banach's fixed point theorem in 
several ways (see for example [13, Ell)- 



In 1976, Caristi Q defined an order relation in a metric space by using a functional, and proved 
a fixed point theorem for such an ordered metric space. The order relation is defined as follows: 

Lemma 1.1 Let {X,d) be a metric space, : X — > R is a functional. Define the relation "<" on 
X by 

x<y d(x,y) < Lp{x) - ip{y) 

Then "< " is a partial order relation on X introduced by if and (A, d) is called an ordered metric 
space introduced by ip. Apparently if x < y then ip{x) > ip{y). 

Caristi's fixed point theorem states that a mapping T : X ^ X has a fixed point provided that 
(A, d) is a complete metric space and there exists a lower semi-continuous map : A — > M such that 

d(x,Tx) < (p{x) — ip{Tx), for every a; € A. 

This general fixed point theorem has found many applications in nonlinear analysis. 

Many authors generalized Caristi's fixed point theorem and stated many type of it in complete 
metric spaces (see jll, Q)- 

In 2010, Amini-Harandi [l[ extended Caristi's fixed point and Takahashi minimization theorem in 
complete metric space via the extension of partial ordered relation which is introduced in Lemma 1.1, 
and introduced some applications of such results. 
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Between the years 1975-1988, Kramosil and Michalek 9], and Grabiec f6| introduced fuzzy metric 
spaces and obtained some fixed point results in sucfi spaces. 

Definition 1.2 Q A binary operation * : [0, 1] x [0, 1] [0, 1] is a called continuous t— norm if 
a*b < d whenever a < c and b < d {a,b, c, d € [0, 1]). 

Definition 1.3 @, Q The 3-tuple {X, M, *) is said to be a fuzzy metric space if X is an arbitrary 
set, * is a continuous t— norm and M : X x X x [0, +oo) [0, 1] is a mapping satisfying the following 
conditions: 

(1) M(a;,y,0) = 0, 

(2) M{x, y,t) = l for aU t > iff a; = y, 

(3) M{x,y,t) = M{y,x,t), 

(4) M{x, y, t) * M{y, z, t) < M {x,z,t + s), 

(5) M{x, y, .) : [0, +oo) — > [0, 1] is left continuous, 
where x,y, z d X and t, s > 0. 

In 1997, George and Veeramani 5] stated some important topological properties of such spaces. 

The main aim of this work, is to develop the new concept of spaces using a more generalized 
inequality instead of triangle inequality, likewise the definition of fuzzy metric spaces, and we call 
it 6'— metric space. Here 6 : [0, +oo) x [0, +00) — )■ [0, +00) is the developed definition of ordinary 
summation in the real numbers. For some binary operations 9, such concept generalizes the well known 
concept of metric spaces. The idea of defining the 6*— metric spaces which will be discussed in the 
following is given from the concept of i— norm and the trace of such binary operator in the definition 
of fuzzy metric spaces. 



2. Main Results 

In this section, we introduce 0— metric space and obtain some important properties of the induced 
topology by such spaces. The following definition and lemmas play a crucial role in our main results. 

Definition 2.1. Let 6 : [0, +00) x [0, +cx)) — > [0, +cx)) be a continuous mapping with respect to each 
variable. 9 is called an B~ action if and only if it satisfies the following conditions: 

(I) ^(O, 0) = and 9{t, s) = 9{s, t) for all t,s>0, 

(II) 9(s, t) < 9{u, v) if s < u and t < v or s < u and t < v, 

(III) For each r £ Im{9) — {0} and for each s £ (0,r], there exists t G (0,r] such that 9(t, s) = r, 
where Im{9) = {9{s,t) : s > 0,t > 0}, 

(IV) 6l(s,0) < s, for all s > 0. 

The following example shows that the category of B— actions are uncountable. 

Example 2.1. Let 9{t,s) = k{t + s), 9{t,s) = k{t + s + ts) for each k e (0,1], 9{t,s) = j^, 

9{s, t) = Vs^ + t^, 9{t, s) — t + s + ts, 9(t, s) — t + s + \/ts and 9{t, s) = (f + s)(l + ts) are examples 
of B— actions. We denote the set of all B— action such 9 by 911. 

Lemma 2.1. Let 

{/ is continuous , strictly increasing \ 

/:[0,+(X))^[0,+(X)) : /(O) = ) 

f(t) < t for all t>0. J 

Then, there exists a correspondence between dJl and 5*. In other words, ^Xfl is an infinite set. 

Proof For each {t, s) e [0, +00) x [0, +00) define 9f{t, s) = Xf{t + s), where A € [0, 1) and f e^. 
It is previous that 0/ G DJl. Now define 

I Hif) = 9f. 

H is well-defined and injective function and the proof is completed. □ 
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Lemma 2.2. Let 9 he a action. For each r G Im{6) — {0} and s G B = {Q,r] there exists t £ (0, r] 
such that if we define rj[r, s) = t then we can conclude the following: 

(ai) ry(0,0) = 0, 

(02) d(ri(r, s), s) ~ r and 0{r, 77(5, r)) — s, 

(03) 77 is continuous with respect to first variable, 

(04) if rjir, s) > then < s < r. 

Note that if r — then by (III) of Definition \2.I[ s = t = and (ai) concluded. 

Proof. By (III) of Definition 12. 1[ for each r € Im{9) — {0} and for each s € (0,r], there exists 
t G (0,r] such that 0{t,s) = r. Now define ri{r,s) = t. If t,t' be two values such that ri{r,s) = t and 
7y(r,s) = t'. If t ^ t', then t < t' or t > t' . If t < t' then r = e{t,s) < 9(t',s) = r and this is a 
contradiction. For t > t' we have the same argument. Thus 77 is well-defined, 
(ai), (02) and (04) are straightforward from (III) of Definition 12.11 

Also, (as) holds since if r e Im{6) and {r„} be a sequence in Im{6) such that r„ — r, then 
0{r]{rn, .), .) = r„. Thus 

0( lim r;(r„, .), .) = lim 0(77(r„, .), .) = r = 9{T^{r, .), .). (2.1) 

If liminf„_j.oo ri{rn, .) > ?7(r, .) or limsup„_^o2 ??(?'«, •) < '7(f, ■) then by (II) of Definition 12.11 and (|2.ip 
we conclude a contradiction. So 77 is continuous with respect to first variable. 

□ 

Definition 2.2. The function 77 which is found in Lemma \2.2\ called B~inverse action of 9. We say 
that 9 is regular if 77 satisfies ri(r, r) — 0, for each r > 0. We denote the set of all regular B— inverse 
actions by 9JI(h. 

Example 2.2. Let 9(t, s) ^ t + s then ri{t, s) — t ^ s satisfies in all conditions of Lemma \2.2\ Also, 
9 is regular. 

Example 2.3. Let 9{t, s) = -i/i" + s", then r]{t, s) = {/t" — s" satisfies in all conditions of Lemma 
\2.2\ Also, 9 is regular. 

Lemma 2.3. If a G X , c e Im{9) and b e [0,c], then 9{a,b) < c implies that a < rj{c,b). 
proof. Arguing by contradiction if 77(c, b) < a then we have 

c = e'(7/(c,&),6) < 9{a,b) 

and this is a contradiction and this completes the proof. □ 
• 9~ metric spaces 

In this section, we define 0— metric spaces and prove that the induced topology generated by dg 
on a nonempty subset X, which denotes by Td„, is Hausdorff and first countable. Also, {X,de) is 
metrizable topological space. 

Definition 2.3. Let X be a nonempty set. A mapping de : X x X ^ [0,-|-oo) is called a 9— metric 
on X with respect to B— action 9 G A4 if de satisfies the following: 

(AI) dg{x, y) ^ if and only if x — y, 

(A2) de{x,y) = dg{y,x), for all x,y e X, 

(A3) de{x, y) < 9{dg{x, z), dg{z, y)), for all x,y,z e X, 
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and {X,de) is called a 0— metric space. 

Example 2.4. Suppose that 9{s,t) = s + t. Then, the 9— metric space {X,de) is the metric space 
{X, d) with the natural definition 

Example 2.5. Let X — {x, y, z} and dg : X y. X [Q, +oo) defined by 

dg{x,y) = 2, d0{x,z)=6, dB{z,y) = 10, 

d0{x,x)=O, de{y,y)=0, dg{z,z)=0 (2.2) 

de{x,y) ^ de{y,x), dg{x,z) ^ de{z,x) de{z,y) ^ de{z,x). 

Note that dg is not a metric on X since delz, y) > dg{x, y) ~\-dg{x, z) hut if we define 9{s, t) = s + t + st 
then {X,dg) is a 9~metric space. 

Remark 2.1. // {X,dg) is a 9~metric space, 9{s,t) = k{s + t) , fc G (0, 1] then {X,dg) is a metric 
space. 

Conversely, for 9{s,t) — k{s + t) , fc G (0, 1) we have that there exists metric space {X,d) which is not 
9— metric space. For example if X = {1, 2, 3} and d : X x X — > [0, +oo) defined by 

d(l,2) = l, d(l,3) = l, d(2,3) = 2, 

d(l,l)=0, d(2,2)=0, d(3,3)=0, fc = i. ^ 
d is a metric but d is not a 9 metric. 

Definition 2.4. Let {X,dg) be a 9~metric space. We define open ball Bdg{x,r) with centre x ^ X 
and radius r G Im{9) as 

Bd,{x,r) = {yeX:dg{x,y)<r}. (2.4) 

Lemma 2.4. Every open ball is an open set. 

Proof. We show that, for each x ^ X and r > and for each y G B^g {x, r), there exists S > such 
that, 

Bd,{y,S)cBd,{x,r). (2.5) 

By (III) of Definition l2.1[ we can choose ^ > such that 9{6, dg{x, y)) — r. Now if z G Bdg {y, 6), then 
we have 

dg{z, x) < 9{dg{z, y),dg{y, x)) < 9{S, dg{y, x)) = r. (2.6) 
It means that, z G Bdg{x, r) and ()2.5p is proved. □ 
Lemma 2.5. Let {X,dg) be a 9— metric space. Define 

Tdo = d X : X Cz A if and only if there exists r G Lm{9) such that Bdg{x,r) C A\. (2.7) 
Then Tdg is a topoloyy on X . 

Lemma 2.6. The set {Bdg{x,l/n) : n G N} is a local base at x and the above topology is first 
countable. 

Proof. For each x G X and r > 0, we can find ng G N such that 1/no < r. Thus Bdg{x, 1/n) C 
Bdg{x,r). This means that, {Bdg{x, 1/n) : n G N} is a local base at x and the above topology is first 
countable. □ 

Theorem 2.1. {X,Tdg) is a Hausdorff topological space . 

Proof. Let x,y be two distinct points of X. Suppose that < a < dg{x,y) be arbitrary. By 
Definition 12.11 we conclude that a G Im{9) Therefore, there exist r, s > such that 9{r, s) = a. 
Clearly Bdg {x, r) n Bdg {x, s) = 0. For if there exists z G Bdg {x, r) n Bdg {x, s) then 

dg{x,y) < 9{dg(x,z),dg{z,y)) ,^ 

< 9{r,s) = a< dg{x,y) ^ ' ' 

and this is a contradiction. 
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Theorem 2.2. Let (X,de) be a 9— metric space and T^g be the topology induced by the 9— metric. 
Then for a sequence {xn} in X, x„ x if and only if dg{xn,x) — >■ as n ^ oo. 

Proof. Suppose that a;„ — > x. Then for each e > there exists no G N such that, x„ G Bdg{x,e), 
for all n > hq. Thus, dg{xn, x) < e, i.e., dg(xm a;) — > as n — >■ oo. The converse is verified easily. □ 

Theorem 2.3. Let (X,de) be a 9— metric space and Xn ^ x, yn ^ y and x ^ y. Then, dg{xn,yn) ^ 
dg {x,y). 

Proof. For each n G N there exists K > Q such that for &\\ n> K 

dg{xn,x) < - and dg{yn,y) < —. 

n n 

Thus, by the continuity of 9 with respect to each variable we have 

dg{x,y) < 9[ dg{x,x„),9[ dg{xn,yn),dg{yn,y) 



Therefore, 



i,6'^de(a;„,y„), 
dg{x,y) < \imn^oo0(^j-^,9^dg{xn,yn),^ 



0,6'|^lim„^oo dg{xn,yn),0 

< lini„_j.oo de(a;„,y„) 

< lim„^oo6' dg{x,Xn),9[ de{x,y),de{yn,y) 



< limn^^9\J-^,9\^dg{x,y),j-^ 

< dg{x,y). 

Thus dg{xn,yn) ^ dg{x,y). □ 

Lemma 2.7. Let (X,dg) be a 9— metric space. Let {xn} be a sequence in X and Xn — > x. Then, x is 
unique. 

Proof. Suppose that a;„ — >■ x and Xn — >■ y. We show that, x — y. For each n G N, there exists 
A'^ > such that dg[xm 2^) < ^ ^-nd dg{xn, J/) < ^- By the continuity of 9 wc have 



0<dg{x,y) < 9{de{x„,x),dg{xn,y)) 



1 U .o (2-9) 



It means that, x — y. □ 

Definition 2.5. Let {X, dg) be a 9~metric .space. Then for a sequence {a;„} in X , we say that {xn} is 
a Cauchy sequence if for each £ > there exists N > .such that for all m > n > N, dg{xn, Xm) < e. 

Definition 2.6. Let (X,dg) be a 9— metric space. We say that (X,dg) is complete 9~metric space if 
every Cauchy sequence {xn} is convergent in X. 

Lemma 2.8. 0/ A Hausdorff topological space (X, r^^) is metrizable if and only if it admits a com- 
patible uniformity with a countable base. 
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In the following theorem we apply the previous lemma and the concept of uniformity (see for 
more information) to prove the metrizablity of a topological space (X, Tdg). 

Theorem 2.4. Let {X,dg) be a 6— metric space. Then, {X,T(ig) is a metrizable topological space. 
Proof. For each n e N define 

Un = {{x,y)eXxX:de[x,y)<-} (2.10) 

n 

We shall prove that {Un : n G N} is a base for a uniformity il on X whose induced topology coincides 

with Tdg. 

We first note that for each n € N, 

{{x,x) ■.xeX}CUn, Un+i C Un and Un = U'^ . (2.11) 
On the other hand, for each n G N, there is, by the continuity of 0, an m g N such that 

m>2n and 6'( — ,—)<-. (2.12) 

mm n 

Then, U„i o Um C Un- Indeed, let (x, y) € Um and {y, z) € Um. Thus, 

de{x,z) < 6{de(x,y),de{y,z)) < 0{-,-) < - (2.13) 

mm n 

Therefore, {x, z) <E Un. Hence {Un : n G N} is a base for a uniformity il on X. Since for each x ^ X 
and each n G N, Unix) = {y £ X : dg{x,y) < i}. We deduce from Lemma that (X, r^^) is a 
metrizable topological space. □ 
Let us recall that a metrizable topological space {X, r) is said to be completely metrizable if it 
admits a complete metric 

Theorem 2.5. Let {X,dg) be a com,plete 9~metric space. Then, (X^Td^) is completely metrizable. 

proof. It follows from the proof of Theorem 12.41 that {Un : n G N} is a base for a uniformity it on 
X compatible with Tdg, where Un = {{x,y) ^ X x X : dg(x,y) < ^} for every n G N. Then there 
exists a metric d on X whose induced uniformity coincides with it. We want to show that the metric 
d is complete. Indeed, given a Cauchy sequence {xn} in {X,d), we shall prove that {x„} is a Cauchy 
sequence in {X,d). To this end, fix e > 0. Choose fc G N such that < £• Then there exists no G N 
such that (xmjXn) G l^k for every n,m> no. Consequently, for each n,m> no, dg{xn,Xm) < < £■ 
We have shown that {xn} is a Cauchy sequence in the complete 0— metric space {X,d) and so is 
convergent with respect to {X,d). Thus {X,d) is a complete metric space. □ 

3. Two Fixed Point Theorems 

In this section we introduce two fixed point theorems in 0— metric spaces. First we introduce the 
Banach fixed point and Caristi's fixed point theorems in such spaces. 

• Banach Fixed Point Theorem 

Theorem 3.1. Let (X,dg) be a complete 0~metric space and f : X ^ X be mapping satisfies the 
following: 

dg{fx,fy)<adg{x,y) (3.1) 
for each x,y G X, where a G [0, 1). Then f has a unique fixed point. 
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Proof. Let xq (z X and Xn+i = /x„. Wc divide our proof in 3 cases: 
Case(l). We claim that, dg{xn,Xn+i) — > 0. 
Indeed, We have 

deiXn+i,Xn) < adg{Xn,Xn_i) 

< a^dg{Xn^i,Xn^2) 

(3.2) 

< a'^dg{xi,xo) ^ Q , as(n— )-oo). 

It means that, de(a;„,x„+i) — !• 0. 

Case (2). We claim that Xfi IS Oil bounded sequence. 

If {xn\ be an unbounded sequence then, we choose the subsequence {n(fc)} such that n(l) — 1 and 
for each fc G N, n{k + 1) is minimal in the sense that the relation 

de{Xn(k+l)iXn(k)) > 1 (3.3) 

dose not holds and 

dg{x 

) < 1 (3.4) 
holds for all m E {n{k) + 1, n{k) + 2, n{k + 1) — 1}. So using the triangle inequality 

1 < de{Xn{k+l},Xn(k)) < (^{d9{Xn(k+l),Xn{k+l)-l),de{Xn{k+l)~l,Xn(k))) 

(3.5) 

n (fc+l)j Xn{k+l)~'l: 

By taking limit from two side of (|3.5p and using (II) of Definition 12. 1[ we have 

de{xnik+i),Xn{k)) ^ as (fc^+oo). (3.6) 

Also, we have 

1 < dg{Xn{k+l),Xn{k)) < de{Xn(k+l)~l, Xn(k)-l) 

< 0{dg{Xn{k+l)-l,Xn{k)),dg{Xn(k),Xn(k)-l)) (3.7) 

< 9{l,deiXn(k),Xn(k)-l)), 

and this implies that 

rfe(a;„(fc+i)-i,a;„(fc)_i) ^ 1+ as (fc -> +00). (3.8) 

Since <i9(a;„(fc+i) , a:„(fc)) < a(i9(x„(i.+i)_i, x„(fe)_i) we have 1 < al and this is a contradiction. Thus 
{xn} is a bounded sequence. 

Case (3). We claim That {x„} is Cauchy sequence. 
Let TO, n G N and m > n. 

dg{Xm,Xn) = dg{fXm-l, fXn-l) 

< adeifxm-2, fxn-2) 

(3.9) 

< a"dg{fXm-n,Xo)). 

Since {a;„} is a bounded sequence therefore, \imn,m^oo de(xm,Xn) = 0. It means that, is a 

Cauchy sequence and then convergent to x E X. 

dg{Xn+l, fx)) = de{fxn,fx)) 

(3.10) 

< adg(xmx))^Q , (n— >-(X)). 
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It means that, Xn+i — >■ fx, i.e., fx — x. Also, if x,y be two fixed point for / then, 

de{y, x) = dgify, fx)) < adg{y, x). (3.11) 
and this is a contradiction. This completes the proof. □ 
• Caristi-Type Fixed Point Theorem 

Definition 3.1. Suppose that {X,dg) be a complete 6— metric space and *P be the class of all maps 
ip : X X X ^ [0, +oo) which satisfies the following conditions: 

(El) there exists x Cz X such that rp{x, .) is bounded below and lower-semi continuous and 'ijj{.,y) is 
upper semi- continuous for each y G X , 

{E2) ip{x, x) — for each x £ X , 

{E3) 0{tp{x,y),^{y,z)) < ■ip{x,z), for each x,y,z £ X. 

Lemma 3.1. By the above Definition, for each x,y,z Cz X, we have 

^{x, y) < vi-iPix, z), ip{y, z)). (3.12) 
Proof. By Lemma l2.3[ we obtain desired result. □ 



Example 3.1. Let 9{t, s) = j^p^ thus Im{6) = [0, 1). Now let (p : X ^ R be a lower bounded, lower 
semi- continuous function and 

^(-'y^ = [o xJy 
Then ip satisfies all conditions of Definition \3.1\ 



Example 3.2. Let e{t, s) = ""+^i2n+i + g'^n+i ^/^^^ im{9) = [0, +00). Now let ip : X ^ R be a lower 
bounded, lower semi- continuous function and 



Hx,y)= -V^(y)-^(a;). (3.13) 



Then ip satisfies all conditions of Definition \3.I\ Also, ri{t,s) — — s2n+i ^j^^^ q jg regular. 

From now to end, we assume that 9 is regular(see Definition [ 



Lemma 3.2. Let {X,dg) be a complete 9— metric space and tjj G *p. Let 7 : [0, +00) — > [0, +cx)) is 
9— subadditive, i.e. j{9{x,y)) < 9{j{x),j{y)), for each x,y £ [0,+oo), nondecreasing continuous map 
such that 7^^{0} = {0}. Define the order -< on X by 

x<y 'y{d0{x,y)) <ip{x,y), (3.14) 

for any x,y £ X. Then (X, -<) is a partial order set which has minimal elements. 

Proof. At first we show that {X, ^) is a partial ordered set. For each x £ X we have = 
7(0) = 7(^61(0;, a;)) < ipix,x) = 0. Thus, x ^ x. If x ^ y and y < x then ^{dg{x,y)) < ip{x,y) and 
j{dg{x,y)) < ip{y,x). Thus we given 

j{9{dg{x,y),dg{x,y)) < 9{j{dg{x,y)),-f{dg{x,y))) 

< 9Wx,y),^P{y,x)) (3.15) 

< ip{x, x) = 0. 



8 



It means that, x = y. Finally, ii x ^ y and y ^ z then j{de{x, y)) < ip{x, y) and j{dg{y, z)) < ip{y, z). 
Thus we given 

'y{dg{x,z)) < 'y{0{dg{x,y),dg{y,z)) 

< 0(j(dg{x,y)),j{dg{y,z))) 

(3.16) 

< 0{il:{x,y),ip{y,z)) 

< tfj(x,z). 

It means that, x < z. Thus (X, ^) is a partial ordered set. 

To show that (X, ^) has minimal elements, we show that any decreasing chain has a lower bound. 
Indeed, let {xajaer be a decreasing chain, then we have 

< "f{d0{Xa,Xi3)) 

< 1p{Xa,Xi3) (3.17) 

< ■q{^{x,xi3),'4>{x,Xa)) 

by definition of 77 we have ip{x,Xa) < ipix^Xj^). Thus {ip{x,Xa)}aiEr is decreasing net of reals which 
is bounded below. Let {q;„} be an increasing sequence of elements from F such that 

lim V(i,2^Q;„) = m{{ip{x,Xa) : a G F} = p. (3.18) 

n— ^00 

Then for each m > n we infer that 

)) < 1p{Xa„,Xa^) 

(3.19) 

< r]{^p{x,XaJ,'^p{x,Xa^)). 

By taking limit from two side of p. 191) . the regularity of 6 and continuity of rj we given 

limsup„„,^^7(d0(a;a„,a;a„)) < ^p{xa„,Xa,J 

< \imsup^^„^^^T]{ip{x,XaJ,ip{x,Xa^)) (3.20) 

< vip,p) = o. 

Then our assumption on 7 imply that {xa„} is a Cauchy sequence and therefore converges to some 
X e X. Since 7 is continuous and ?/;(., Xq„) is upper semi continuous, then we have 

-f{deix,Xa„)) = lim sup„^^ 7(^0 (a;a„,Xa„)) 

< limsup^^^ ?/'(a;a„,a;a„) (3.21) 

< i>{x,Xa„). 

This shows that x -< Xa„ for all ?i > 1, which means that x is lower bound for {xa„}. In order to see 
that X is also a lower bound for {xa}aer, let /3 G F be such that x/s -< Xa„ for all n > 1. Then for 
each n G N, we have 

< j{dg{xi3,XaJ) 

< t^ix^.Xc^J (3.22) 

< T]{lp{x,XaJ,1pix,Xi3)). 
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Hence for all n > 1 

ipix,Xi3) < ^|^ix,XaJ (3.23) 

which implies 

tp{x,X(3) = mi{ip{x,Xa) : a eT} 

= \imn^oc^{x,Xa„). 

Thus from p.23p we get lim„_^oo a^Q„ = xp, which implies that x^ = x. Therefore, for any a G F, 
there exists n G N such that Xa^ -< Xa, i.e., a; is a lower bound of {a;^}. Zorn's lemma will therefore 
imply that (X, -<) has minimal elements. □ 

Theorem 3.2. Let {X,dg) be a complete 9— metric space and ijj G *p. Let ^ : [0, +oo) — > [0, +oo) he 
as in Lemma \3.2l Let T : X X be a map satisfy the following 

-f{de{x,Tx)) <^j{Tx,x), (3.25) 

for any x G X . Then T has a fixed point. 

Proof. By Lemma 13.21 {X, -<) has a minimal element say x. Thus Tx -< x. It means that 
Tx = X. □ 

Corollary 3.1. Let {X,de) be a complete 6— metric space and ^ G ^p. Let 7 : [0,+(X)) [0,+(X)) he 
as in Lemma \3. 2\ Let T : X — > 2^ he a multi-valued mapping satisfy the following 

j{de{x,y)) <ilj{y,x), for all y e Tx. (3.26) 

Then T has an endpoint, i.e. there exists x Cz X such that Tx — {x}. 



In Corollary 13. 2[ we can introduce many type of Caristi's fixed point theorem such as: 
If we set -0 as in Example 13.21 then (|3.25l) has the following form 



j{dg{x,Tx))< '"^{/ip{Tx)-^{x). 
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